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Abstract 

We show that the classical non-abelian pure Chern-Simons action is re- 
lated to nonrelativistic models in (2+1)- dimensions, via reductions of the 
gauge connection in Hermitian symmetric spaces. In such models the matter 
fields are coupled to gauge Chern-Simons fields, which are associated with the 
isotropy subgroup of the considered symmetric space. Moreover, they can be 
related to certain (integrable and non-integrable) evolution systems, as the 
Ishimori and the Heisenberg model. The main classical and quantum prop- 
erties of these systems are discussed in connection with the topological field 
theory and the condensed matter physics. 
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I Introduction 



In the last years, a new class of general covariant field theories, called quan- 
tum topological field theories (TFT's), were introduced [p], 0. These mod- 
els were originally related to Yang-Mills instantons |l|, u-models and 
gravity [§J. Successively, the work by Witten established a relationship be- 
tween the covariant four-dimensional quantum fields and the abelian and non- 
abelian quantum Chern-Simons (CS) action on a three-dimensional manifold 
A4 . The most relevant property of these theories is that of having observ- 
ables (the Wilson line operators) which are metric independent. Moreover, 
in this framework, the vacuum expectation values of such observables are 
invariant under smooth deformations on A4 , i.e. they are topological in- 
variants of closed links in A4 and are related to the Jones polynomials in 
knot theory || and their generalizations. 

From another point of view, models of point particles coupled to a CS 
gauge field in 2+1 dimensions, have gained attention owing to their pecu- 
liar long range interaction ||. In particular, in the abelian CS theories 
the interacting point-particles ( anyons) obey a fractional statistics [0, Q 
and play a role in fractional quantum Hall effect and in high temperature 
superconductivity H, CT. 



Such a kind of theories can be extended to the non-abelian case llll and 



can be treated as non-relativistic quantum systems |12| , |13 , [14] , [T~5|1 . The 



quantization procedure leads to an N-body Schrodinger equation, with the 
Aharonov-Bohm potential in the abelian case, and with the presence of the 
Knizhnik-Zamolodchikov connection in the non-abelian case |TT]. Moreover, 



in both cases, within the classical field approach equations of the gauged 
nonlinear Schrodinger (NLSE) type arise. In the static self-dual situation, 
such systems become the Liouville equation and its integrable multicompo- 
nent generalizations |T2], |TJ, |TJ, |IB[. These results lead directly to a link 



between the static CS-theories and the static reductions of integrable equa- 
tions in (2+1)- dimensions, like the Ishimori model and the Davey-Stewartson 
equation fl?fl . 

Now, the basic property of the integrable equations is that they can be 
represented as zero-curvature conditions for certain special linear connections 
(the Lax pair operators) in suitable spaces. Incidentally, this is a represen- 
tation shared by the CS equations of motion in a three-manifold. Further- 
more, among the great amount of consequences which derives from this fact, 
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a particular role is plaied by the transformation properties between two of 
such integrable equations. For example, it is well known that the NLSE is 
"gauge equivalent" to the Heisenberg model in 1+1 dimensions (T3|, [H| 



Furthermore, the method of the gauge equivalence has been extended to in- 
tegrable (2+l)-dimensional equations, for instance between the Ishimori and 
the Davey-Stewartson equation (integrable extensions in (2+l)-dimensions 
of the Heisenberg model and of the NLSE, respectively) |2l], [2^, |3|, p4fl . 
However, this method can be made suitable for handling non-integrable sys- 
tems also, at least under certain conditions. More specifically, the method 
is based on the interpretation of the spin variables as elements of a coset 
space Q /T~t . Then, the geometric characterization of such a space is given 
in terms of the zero-curvature condition for the associated chiral currents. 
In many physical applications p5| , the coset space Q /7i is taken to 



be a symmetric space, with isotropy group 7i ]2E|, |2"7|] . Hence, the current 
components, taking values in the Lie algebra of 7~C , are considered as the 
local gauge fields of the theory. The further degrees of freedom belongs to 
the tangent space of the symmetric space and are interpreted as the "matter 
fields" . When this procedure is applied to a specific spin model, we refer to 
it as the "tangent space representation" of the given theory. In this formal- 
ism the spin dynamics provides further restrictions on the chiral currents, 
leading to some multicomponent gauged NLSE's. The integrable systems 
are recoverd only for a particular choice of the gauge connection. 

In particular, by using this scheme we have mapped the continuous Heisen- 
berg model in (2+l)-dimensions into an abelian pair of CS gauged NLSEs 
[p8fl . Thus, we have proved the existence of a connection between continuous 
ferromagnetic systems and CS models. 

At this point, we notice that the classical field equations for the pure CS 
theory are formally just the zero-curvature conditions found in our tangent 
space approach to the planar ferromagnets. The only difference concerns 
the local gauge group, which is the whole Q for the pure case, and the sub- 
group 7~C for ferromagnets. Therefore, in the last case one has supplementary 
constraints, which are 7~C -invariant by construction, and break the general 
Q -invariance. 

These considerations have suggested us to study the CS theory in the 
symmetric space Q /7i . Following this idea, in Section II we study such 
type of reductions and explain in which sense we obtain certain matter fields 
coupled to a local gauge CS field. Therefore, we show how one can introduce 
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suitable classical "gauge- fixing" conditions, which have to be invariant under 
gauge transformations on Ti. . Furthermore, the existence of a classification 
for the symmetric spaces P7| , and the requirement that the gauge fixing 
condition has to be invariant under specific subgroups, implies a classification 
of the possible theories obtained by using the outlined procedure. In Section 
III we study the generalized a-models in the tangent space formalism. Thus, 
we show the deep relationship which exists between the spin models and the 
topological field theories. This relationship is studied in detail in Section IV, 
where the classical canonical structure of the SU (2) jJJ (1) model is given. 
We show also how the constraints of the theory can be solved, and how the 
choice of the Heisenberg model as gauge-fixing condition yields a hamiltonian 
system, in which the U (1) gauge- invariant and the non- invariant variables 
are separated. In Section V we discuss the quantization of the previous 
model and its connection with the multianyonic systems. Finally, Section VI 
is devoted to some remarks and open problems. 



II Chern-Simons theory on symmetric spaces 

The Chern-Simons action for a compact non-abelian simple Lie group Q on 
an oriented closed three-dimensional manifold J\A is 

S[J] = ^lM TriJAdJ+ l JAJAJ) (IL1) 

where J is the 1-form gauge connection with values in the Lie algebra g 
of Q and the trace is taken in a chosen representation. The action (|II.1| ) 
is manifestly invariant under general coordinate transformations (preserving 
orientation and volumes). Moreover, under a generic gauge map G : M - 
Q the gauge connection transforms as usual by J — > G~ X JG + G~ x dG . 



Correspondingly, the action ([II. lp changes as S[J] — > S[J) + 2tt kW(G), 
where 

W(J) = — *^ [. A Tr [G- x dG A G~ x dG A G~ x dG) (II.2) 
2Aix z JJv\ 

is the winding number of the map G and takes integer values, because of 
the result vr 3 (^ ) = Z of the homotopy theory |26] . The gauge invariance 
of the quantum theory (defined by the functional integral approach |l|]-[f§], 
or in the canonical formalism |29[]) implies the quantization of the constant 
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k. Nevertheless, the infinitesimal gauge transformation G = e x ~ / + A 
(A : A4 — > g ), acting on J as 

5 J = [J, A] + dX , (II.3) 

leaves the action invariant. The classical equations of motion for the action 
( |LT) is the zero-curvature condition 



F = dJ+JAJ = . (II.4) 

Now, let us choose in Q a closed subgroup 7i , such that the Lie algebra 
g of Q satisfies the so-called Z 2 - graduation condition 

g = m@p) , [f«J0)] c mod (2) ; (II.5) 

where is the Lie algebra of 1~C and is the (vector space) complement 
of in g []2B|, P7fl . The group Q acts transitively on the coset space Q /7i , 
which can be identified with a differential manifold belonging to the class 
of the symmetric spaces. The subgroup 7~C leaving invariant the points of 
Q /7i is called the isotropy group. At any point p e Q /TC , the tangent 
space T Po [Q /7~C is isomorphic to and a torsion-free connection can be 
canonically defined. Moreover, we can induce in a natural way a riemannian 
metric on T (Q /T~C ^ , by restricting the Killing form on g to . How- 
ever, for our aims we are interested in those symmetric spaces which enjoy a 
complex structure, the so-called Hermitian symmetric spaces [p7| , the main 
algebraic properties of which are: 

1) there exists an element A belonging to the Cartan subalgebra of g, such 
that its centralizer in g coincides with thus A,l^ = holds as a 
particular case; 

2) one can write P = © Z^ 1 ^, where l^' = span Qg(J)+ {e± a } are ex- 
pressed by using those elements of the the Weyl-Cartan basis, which corre- 
spond to a subset $ + of the positive root system on which a (A) is a constant, 
thus [A, = ±a {A) P±) holds; 

3) by using a proper scaling, ad A can be considered as a linear involutive 
endomorphism on supplying the complex structure on it ; 

4) the commutation relations [e± a , e±p] = hold for all pairs of basis elements 
in/^). 
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By using the graduation ( [II. 5| ), we can first assume that the current J 
has the form 

J = J(°> + J« , (II.6) 

where jW are 1-forms taking values in Hence, by resorting to the 
properties 1) - 4), the CS action ( |fl.l| ) becomes 

S[jM,jM] = JL L, Tr(J^AdJ^ + -J^AJ^AJ^ + J^ADJ^) (11.7) 
An JJvX 3 

where D = d + • A + A ■ is the covariant exterior derivative. The 
expression ( [L1.7] ) suggests us to interprete J(°> as a CS-gauge field and J^ 1 ' 
as a coupled matter field. In this sense we have reformulated a Q -invariant 
pure non-abelian CS theory flll.lp as an interacting matter gauge field theory 



with group 7i . The whole set and the properties of such theories are directly 
connected with the classification problem of all possible Hermitian symmetric 
spaces, which is completely solved ^7|. Moreover, although at first glance the 
distinction between matter and gauge fields could seem rather artificial, it is 
preserved under the action ofTi,. In fact, keeping in mind the infinitesimal 
transformation ( |H.3j ) and the Z 2 -graduation, with A = A^ + A 1 - 1 **, we obtain 

6 J® = [J (0) ,AW]+rfA(°) 

for A^ = 0. Anyway, the action QII.7|) still possesses the property of being 
Q -invariant. Then, we have the freedom to introduce certain gauge fixing 
conditions, which are invariant under 7~C . This procedure could yield specific 
field models. 

In order to display some concrete examples of such models, it is convenient 
to follow a suggestion by Witten 0. This consists in "chopping" a general 
3-manifold A4 into pieces, each of them is isomorphic to E x R, where S 
is a Riemann surface and R is interpreted as the time. In doing so, the 
exterior derivative d and the current J are expressed in terms of time and 
space components 

d = d +d (d = da: 5b) (H.9) 

and 

J = ^ + A = 4 0) + 4 1) +A (0) + A (1) , (11.10) 
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respectively. In the last equation we have taken into account the Z2-graduation 
( TO for J, A« = AW rfx a is a real connection on £ and A® = Aq <ix° are 
1-forms on R . Furthermore, at this point we parametrize E by means of the 
local complex coordinates z = X\ +i x 2 , z = x\ — i x 2 • Now, we can consider 
tensors, either of covariant or contravariant type, with some definite number 
of holomorphic and anti-holomorphic indeces. For instance, the cotangent 
space of S will be decomposed into the direct sum of two subspaces, one of 
them is spanned by dz, and the other by dz. An important observation is 
that barred and unbarred tensors do not transform into each other under 
a holomorphic change of coordinates. Specifically, our connection J can be 
rewritten in the form 



J = V + V + V + M + M + M , (11.11) 



where 



V = ±(4 0) - iAf) dz , V = ^(4 0) + *4 0) ) dz , (11.12) 
M = §(4 X) - iA { 2 1] ) dz , M — \(A^ ] + iA { 2 l) ) dz , (11.13) 



and we put 

V = Af ,M = 4 1} (11.14) 
for brevity. Correspondingly, we can split the exterior derivative in the form 

d = d + 8 = dz d z + dz d- z , (11.15) 

where Bed are holomorphic and anti-holomorphic operators globally defined 
on E. 

Taking into account this construction on E x R, the covariant exterior 
derivative introduced in the action (P17p is written now as the sum of three 



terms: D = T> + T> + T> , where 

V= d + V A- + - AV, V = B + V A- + - AV, 

V = d + V A- + -AV . (11.16) 

Then, just by rearranging the 7~C - invariant action ( [11. 7| ) in the complex 
variables, we obtain the canonical Darboux form 

S = — [ Tr (V Ad V + V Ad V + M Ad M + M Ad M + 

4:71 iExR 
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+2V A(dV + dV + V AV + V AV + M AM + M AM) 

+2M A (DM + VM)) . (11.17) 

The corresponding equations of motion are 

dV + BV + V AV + V AV = -(maM + Mam), (11.18) 

d V + dV + V AVq + VqAV = -(M AM + M A M ) , (11.19) 

d V + <9Vb + VAy + Vo A? = - (m aM + MaM ) , (11.20) 

VM + VM = , (11.21) 

VqM + VMq = , (11.22) 

V M + VM = . (11.23) 

From the expression ( |11.17| ) the structure of the Lagrange density with 
contraints is manifest. In particular, Vo and Mo are the Lagrange multipli- 
ers enforcing the Gauss-Chern-Simons (GCS) law and a sort of generalized 
self-dual condition, which derives from the torsion - free property of the 
Q /T~C manifold. Furthermore, by using the infinitesimal transformations 
([11. 8| ) and the expression ( |11.11| ), one easily sees that the action ( |11.17|) and 



the corresponding equations of motion QII.18| - |II.23|) are explicitly gauge in- 



variant under infinitesimal transformations defined on 7~C , in the sense that 
they are not only a subclass of the gauge symmetries admitted by the orig- 
inal model, but preserve the decomposition among gauge fields V-type and 
matter fields M-type. On the other hand, this picture induces us to figure 
out certain situations, in which the invariance under Q -transformations is 
broken, in such a way that only the 7~C -invariance is preserved. In other 
words, we may choose a supplementary constraint among the fields, which 
is invariant under the 7~C - transformations. Since such a constraint have to 
transform accordingly to ([II. 8|), its general form is 



M ,M,M,VM Q ,VM ,- --J = , (11.24) 

where T denotes an arbitrary differentiable function, depending on the M- 
type fields and on their covariant derivatives. If Eq. (|II.24| ) can be explicitly 
solved for Mo, then we replace this into the equations of motion ( |II.18| - 
|11.23| ), obtaining nonlinear evolution equations for the matter fields M and 
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M. The same substitution in the action ( |U.17| ) leads to a functional defined 
on the submanifold of Q / 7i determined by Eq. ( |II.21| ), which is seen as a 
further constraint. Conversely, in the case in which M cannot be explicitly 
determined, we can include the constraint ( |II.24|) into the action ( |II.17|) by 



means of a suitable Lagrange multiplier. After all we have obtained special 
nonlinear evolution classical models for the matter fields in interaction with 
the CS field (generally non-abelian) . Now, carrying out specific calculations 
in TFT one needs to break the gauge symmetry , usually by the Weyl gauge 
A = . Thus the idea we want to stress is that other suitable constraints 
of the form ( |11.24| ) can be used, first because they may help in more effective 
calculations. In particular, when Eq. ( |II.24|) is related to certain integrable 
systems, for which exact solutions can be given analitycally at least at the 
classical level. Secondly, they can provide integrable deformations of the 
topological symmetry of the original pure CS model. Furthermore, from 
Eqs. ( PTTBI - PT2C| ) we obtain the identity 



(dx <9 + [V , ■]) A (M A M + M A M) + (<9 + [V, ■]) A (M A M + M A M ) 

+ (<9+ [V,-]) A (M AM-M A M ) = 0, (11.25) 

where we define the "commutator" operator over 1-forms [A, ■] A B — A A 
B — B A A yielding a 2-form. Eq. ( |IL25| ) yields a continuity equation, when 
a given model is defined by the specific dependence of M on M and M. The 
conserved density is given by the 2-form pdzAdz = M A M + M A M, which 
furnishes the set of non-abelian conserved charges Q = J* E pdz A dz. 

A quite special situation occurs when we consider the Grassmann man- 
ifold Q /H = SU(n + m)/S(U(n) x U{m)) (AIII in the Helgason's no- 
tation 1^3). In particular, for m = 1 we obtain the complex projective 
CP n = SU (n + 1) /S (U (n) x U (1)) model. In general, the gauge connec- 
tion J is anti-hermitian (J' = — J ) and decomposes in the block form 

MT • < il26 > 

where = v^}dx^ are I x I matrix valued one-forms with / = n, m, 
Q = q^dx^ and R = r^dx^ are m x n and n x m matrix valued one-forms, 
respectively. The anti-hermiticity of J implies that vjp t = vjp (I = m, n) 
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and r M = 



—q^ . Thus, in the complex formulation we introduce the forms 



i[)-dz = — iq 2 ) dz , ip + dz = \{qi + ^2) dz , 



11.27) 



which give a block decomposition of the matter and the gauge fields, M 
and V, respectively. Then, substitution into (|II.17|) yields the action in 
terms of tp± and . We shall not write this for brevity. Here we remark 
only that in the CP n case the matter fields ip± are n-component row vec- 
tors. Moreover, the cubic nonlinear self-interaction for the abelian U(l) field 
vanishes identically in the action. This fact implies that the corresponding 
magnetic field = e 1 - 7 di Vj is proportional to the charge density = 

—i N) + iJ)\. — ip-ipLJ. Then the particles with electric charge Q e i = / s pdz A 
dz are also flux-tubes with total magnetic flux $ m = —Q e i . But for n > 2, 
accordingly to the equations of motion ( [11. 1^ ), the "coloured" magnetic field 

= Jd z vW - + % (v^v^ - v^vW )] = -i (^+-0+ - '0-'0-) ap- 

pears. However, electric and " coloured" charges are not completely indepen- 
dent, since in general contributions from the non- abelian fields to the spatial 
components of the electric current are present (see Eq. ([IL25|) ). Neverthe- 
less, it is remarkable that the models of non-abelian CS field coupled to the 
matter can be embedded into the scheme of our CP n models, giving a 
specific example of constraint ( [II.24|) . 



Ill Generalized a- Models in the tangent space 

In this Section we show how specific models can be embedded into the theory 
developed in Section II. In particular, we deal with generalized classical spin 
models, whose spin phase space is a symmetric space. There are several 
motivations for studying these type of systems. Many of them can be found 



in f2§ and go 



First of all we restrict ourselves to the 2 + 1 dimensional generalized 
Heisenberg model, which is a natural extension of 1+1 dimensional integrable 
version defined on symmetric spaces. As is well known from a long time 



|19| , p0|| , the latter model is gauge equivalent (in the sense of the completely 
integrable systems) to the NLSE. Thus, the NLSE describes the projection 
of the model on the tangent space of the spin phase space. Extending such a 
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representation to the 2+1 dimensional systems, surprisingly, a nonvanishing 



curvature connection and the Chern-Simons interaction appears [28 



Let us consider the matrix S, which represents a point in the symmetric 
space SU{n + m) / S (U {n) x U (m)) and satisfies the constraint 

S 2 = — I n+m + (™—?±S , (III.l) 
mil mn 

where I n +m stands for the identity matrix in (n + m)-dimensions. The cor- 
responding Heisenberg model is defined by the equations of motion 

TfiTi 

z d S = —— [S, V 2 S] (III.2) 

m + n 

This matrix can be diagonalized by a U (n+m) local transformation g, namely 

S = ,S,- _|J . (HI.3) 

Now, in order to construct the tangent space representation for this model 
we introduce the chiral current 

J, = g-%g = + 4* ^ = °> ^ 2 ) ' ( IIL4 ) 

where the Z2 graduation has been used. In particular, J M has the same 
block decomposition presented in Equation ([II.26|) . Furthermore, by virtue 
of ( |111.4| ), the current can be considered as a gauge connection satisfying 
the zero-curvature condition, that is exactly the classical equation of motion 
( [11. 4p for the Chern-Simons topological field theory. Then, inspired by the 
discussion at the end of Section II, we can use the dynamical Eq. (|IH.2| ) in 
the tangent space formulation as a constraint for the current components, 
namely 

TYITL 

i[J , S] = —— ([£, [J,[J„ E]]] + [S, [d,J„ S]]) . (III.5) 
m + n 

Thus, the dynamics for the currents J M is defined by the zero-curvature equa- 
tion ( [11. 4| ). From the decomposition ( |111.4[ ) and by using the notation intro- 
duced in (|II.26| ), we get 

Qo = K 9 i9j + iv j1j ~ i( lj v j n) ) > (III.6) 
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or, equivalent ly ( see ( [L1.27|) ) 

gb = 2i(DV> + + ^V-) ( m -7) 

where we have introduced the "covariant" derivatives D = d z + iv^ m ' ■ — ■ 
iv^ n \ D = dz + iv^ m ^ iv ^L Equation (|III.7|) is an explicit example of the 



constraint ( |11.24|) . The substitution of go i n the action (|11.17|) gives the for- 
mulation of the generalized Heisenberg model ( |III.2j ) as a specific symmetric 
reduction from a pure non-abelian CS model 

S= —[ Tr {v (n) <V (n)t - w (n)t <W n) + v {m) d v {m)] - v (m ^d v {m) 

47T JSxR 

- 2vi n \d z v {n ^ - d z v {n) + i[v {n \ v (n)t ]) 

- 2v m \d z v {m ^ - d- z v {m) + i[v (m , w (m)t ]) 

+ 8i((Dip + y Di/) + - (Lhj>_y Lhj>_)} dx°dzdz (HI.8) 

with the supplementary condition 

7 = Dip + - Dip^ = , (III.9) 

which is the Equation (|II.21|) and can be interpreted as the torsion-free con- 
dition for the spin phase space manifold. 

In the action ( |IH.8| ) we have used Tr as a global symbol for the trace 
in a given representation for U (n) and U (m) , respectively, and Dq = do + 
iv^ ■ — ■ iv^ in analogy with D and D. 

Let us notice here, that the tangent space representation is similar to the 



CP 1 formulation of the 0(3) nonlinear a model f31 |. But in this context 
the "matter fields" are identified with the complex coordinates of the group, 
while in our approach ip± are given in terms of the first-order derivatives of 
the same quantities. 

Now, we know that the classical Heisenberg model ( |III.2| ) is integrable 
for static configurations, thus we have relatively few information about the 
general properties of the solutions. From this point of view it is interesting 
to look at spin models which are integrable in (2+l)-dimensions. In such a 
case, the existence of a Lax pair enables one to linearize the time evolution 
of a generic initial configuration of the considered fields in terms of the cor- 



responding spectral data, via the so-called Spectral Transform Method [32 
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Thus, one may hope to obtain a great amount of information on the topo- 
logical properties of the classical solutions. These observations suggest the 
existence of a deep relation between integrable systems and TFT. However, in 
(2+l)-dimensions the only known examples of integrable spin models are the 



Ishimori system [33[] and the Manakov-Zakharov-Mikhailov-Ward chiral field 
equation f34] , |35 , [36] . The former system is related to the Davey-Stewartson 
equation |22|, |24j and can be deduced as a special case of the so-called 
topological magnet model, which has been studied in |37|, Q . The equations 
of motion for the SU(2)/U(1) topological magnet come from the Lax pair 

L x = aId 2 + Sdt, 

L 2 = Id + 2iSd 2 + (id 1 S-iaSd 2 S-aSw 2 + Iw 1 )d 1 , (III. 10) 

where S = J2i=i Si Oi ( the <jj are the Pauli matrices) satisfies the relation 
S 2 = I 2 and, furthermore, Wj is a U(l) connection representing a velocity 
field, with a 2 = ±1. Commuting these operators we obtain 

i(d + w j dj)S = -[S, &>djS] + i {d 1 w 1 - d 2 w 2 ) S, (III.ll) 
diWj - d jWi = -i Tr (S[d&, djS]) , (III. 12) 

with the diagonal metric tensor = (1, a 2 ) on the flat space S. Equation 
( [III.12| ) is a constraint on the vorticity of Wj and it is known, in the theory 
of the quantized vortices in the superfluid 3 He, as the Mermin-Ho relation 



[ 39(1 . If the velocity field Wj satisfies the incompressibility condition 

<9iu>i + a 2 d 2 w 2 = 0, 



;m.i3) 



we obtain a ferromagnetic continuum model with non-trivial background, for 
which several vortex solutions were found and their dynamics described in 
[ |37| , |40| . Furthermore, if Wj can be expressed in terms of one scalar function 
(the stream function) </> as 



W! = d 2 (, 
we obtain the Ishimori model 



i(d + d 1 (f>d 2 + d 2 (j ) d 1 )S 



w 2 = a 2 dn 



1 



^S,(d 2 l+ a 2 d 2 2 )S} 



(111.14) 



(111.15) 



d 2 -a 2 d 2 2 )<P = -zc^S^S, d 2 S] 
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In the tangent space representation, this system takes the form 



q Q = i(D j + iw j ) qj , (111.16) 
dl - a 2 dl) <P = -4i(q iq2 - Mi) , (HI.17) 



where w is defined by ( |111.14| ). Solving Eq. ( |111.17| ) for <fi under suitable 
boundary conditions, and replacing into ( |III.16|) , we obtain a nonlocal con- 
straint for q , analogous to (|111.7| ). In this way we realize a new type of gauge 
fixing condition (|II.24j ), which is integrable. 



Finally, in the context of Heisenberg models we mention the possibility 
to choose a different constraint of the type ( |II.24| ), which cannot be solved 



explicitly for q . Indeed, if we consider the generalized relativistic model for 



the antiferromagnetic ground state [30|, in the tangent space representation 
it reads 

d,q, + iVj% - i % V^ = {ji = 0, 1, 2) . (111.18) 

Because of the complete space-time symmetric form of these equations, we 
can add them as constraints to the action ( |11.17| ) by introducing a suitable 
Lagrange multiplier. Such constraints can be interpreted as a non-abelian 
Lorentz gauge condition for the TFT. 



IV Canonical structure of the SU (2) jU (1) 
model 

In this Section, after some general considerations concerning the Hamiltonian 
structure of the theories ([II. 1|) - (|II.171) , we perform a more detailed treatment 



of the SU (2) /U (1) case. 

Resorting to the "trivialization" of the three manifold jV(eExR( see 
Sec. 2) and following the standard prescriptions 0, we equip the general 
non-abelian CS model ( [II. 1|) with the canonical structure given by 



{ AS (x) , A) (y)} = fe^S (x - y) , (IV.l) 

where A a { [i = 1, 2) are the spatial components of the connection J (see Eq. 
([11.1 0|)) represented in a certain basis of the Lie algebra g. Now, it is natural 
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to use the Z 2 -graduation ( |11.5| ) for these canonical variables, expressed in 
terms of the fields V = V dz, V = V dz, M = M dz and M = M dz 
introduced in flll.llp . Thus, the nonvanishing Poisson brackets are 

{v a (x),V b (y)} = ^5 ab 5( X -y) , 
{M«(x),M^(y)} = ^rt(x-y) , (IV.2) 

where V t a , V b span the subalgebra . Analogously, M a , M@ span the 
subalgebra l^ 1 '. This structure supplies a further motivation for the inter- 
pretation of M and M as matter fields interacting with the non-abelian CS 
gauge fields V, V. 

The simplest case pertinent to such theories with abelian gauge field is 
the SU(2)/U(1) model, whose action is straigthforwardly derived from ( [11.171 ) 
and (ET2ED - fT27|) : 

S = --[ [\e^»v x d,v v 

7T JSxR I 2 

+i± (r + D ip+ - ^+ (A^+r - r-D i>- + v- (a^-)*) (iv.3) 

-iql (Dip + - Dif^Sj + iq (Dip + - DipY\ dx° dx 1 dx 2 

where Dq = <% — 2wq, D = d z — 2iv and D = d s — 2iv* with v = \ {v\ — iv-i). 
From ([IV.2|) we obtain the corresponding canonical Poisson structure related 
to ([IV. 3| ), namely 

{ Vi (x) , Vj (y)} = -- Eij 6 (x - y) , (x) , ^ (y)} = ±-5 (x - y\lVA) 

In analogy with our observation about the action ( |11.17| ), in ( |1V.3| ) we are 
considering vq and go as Lagrange multipliers, enforcing the constraints of 
the model, i.e. the GCS law Ti = div 2 — d%V\ + 2 (J^+I 2 — IV'-I 2 ); an d the 
complex "torsion-free" constraint 7 = Dip + — Dip-, which specializes Eq. 
(pi.9| ) to the abelian case. They generate the su (2) algebra of the gauge 
symmetry transformations. Furthermore, the GCS law constraint Ti gener- 
ates the U (1) subgroup of local gauge transformations. Moreover, following 
the Dirac's classification of the constraints, we can introduce the set of pri- 
mary constraints T = 7r = 0, T 2 = it q = 0, where tt is the momentum 
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conjugated to the canonical variable vq and ir q is the momentum conjugated 
to go such that 



7T TTt 

{v ,n } = --<J( x -y) , {q , 7rJ = — 8 (x - y) . (IV.5) 

Hence, we can write the Hamiltonian H = J* E Ti d 2 x in terms of a set of 
first-class constraints only [[41 1 . Indeed, we have 



H = - (v T 1 + ig 7* - ig*7 - / r + i(/ r 2 - ^o F 2) > ( IV - 6 ) 

7T 

where now the GCS law Ti = {n 0l H}, 7 = {71"*, If j and 7* = {ir q , H} are to 
be considered now as secondary constraints. We see also that all constraints 
{r l5 7} <g> {r ,r 2 } form a closed Lie algebra with abelian radical, and their 
dynamics is also weakly invariant ( {7, H } « {T^ff} « for i — 0,1,2 ). 
Furthermore, one easily checks that the determinant of their Poisson brackets 
is vanishing. The Hamiltonian itself is weakly vanishing, since it is a linear 
combination of constraints. Finally, in the expression ( |1V.6| ) f , g and g$ 



are arbitrary functions, which characterize the evolution of vq, qo and q$, 
respectively. 

At this stage we recall that, following the Dirac ideas in [K| it is 



suggested to formulate both classical and quantum U (1) CS theories in 2+1 
dimensions in a completely invariant way. This result is achieved by intro- 
ducing in the hamiltonian formalism new momenta, which are equal to the 
constraints imposed by the gauge theory. In this case, the corresponding new 
conjugated coordinates are pure gauge functions. Thus, one can provide a 
Hamiltonian depending only on the gauge invariant degrees of freedom. Here 
we show that this separation between two distinguished classes of variables 
cannot be performed up to the end, at least when only a gauge subgroup is 
explicitly solved. To be precise, we solve the GCS constraint, associated with 
the U(l) symmetry, and reformulate the Hamiltonian ( [IV. 6|) in terms of the 



£/(l)-invariant degrees of freedom and of pure gauge coordinates. However, 
we cannot separate the Hamiltonian in two pieces, one of which contains only 
[/(l)-invariant canonical variables. This phenomenon seems to be connected 
with the non-abelian structure of the algebra of constraints in a completely 
constrained Hamiltonian. Our point of view is that this algebra cannot be 
"strongly abelianized" by using a unique regular canonical transformation. 
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Following the scheme of first we restrict ourselves to the planar 
geometry taking £ = R 2 and the rotational covariance of the theory, by 
expressing Vi into a longitudinal and a transverse part 

Ui(x) = 3 t r/(x) - e 4 ,(97 1 J B)(x) , (IV. 7) 

where we have applied the operator dj 1 f (x) = j-dj J In |x — y\f(y)d 2 y to 
the magnetic field B = t % ^d(Vj ( notice that <9i<9f 1 + <9 2 c^" 1 = 1). Analogously, 
it is convenient to express ip± in terms of the canonical variables (Q±, P±) 
by 

^± = y[^{Q±^iP±)- (IV.8) 
Then, the Poisson structure is given by 

{Q±(x),P±(y)} = L(x),^(y)| = 5(x-y), (IV.9) 
H(x),7r (y)} = {g (x),7r g (y)} = 5(x-y). (IV.10) 

Any other Poisson bracket vanishes. Equations (|IV.9| ) and ( |IV.10|) have been 

derived using the rescaled fields — | v — > t> , v/^ go — * <7o and —iJ~^ n q — > n q . 

Now, we look for a suitable canonical transformation, such that some of 
the new momenta are equal to the constraints. In such a way, the coordinates 
canonically conjugated to these momenta have an arbitrary time evolution 
and are remnants of the gauge invariance of the theory. 

First, let us denote by (Q±,P±), (vq,tt ), (77, ffi) , (^0,^2) new canoni- 
cally conjugated coordinates, where the momenta 7Tj have to be set equal to 
the constraints Tj, (i = 0, 1,2). This can be done by means of a suitable 
generating function 

w = w (q±, v , v , g ; P±, *o, ^ tt 2 ) , (IV. 11) 

satisfying the set of generalized Hamilton- Jacobi equations 

„ / dW dW dW dW\ , , 

** = Tl [ Q± ^ v > qo; w±^ww»)- (IV - 12) 

The integrability of this system is assured by the commutation property 
{Ti, Tj} = 0. In fact, its general solution is given by 

k ( k ~ k ~ \ 
W = n v + n 2 q + r 2 q* + - 7T 1 + -P 2 - - Pj 77 

7T \ 7T 7T / 



17 



+e + j Q+ yJP*-Q 2 + dQ + - e J Q ~ ^P 2 -QldQ_ (e| = l) .(IV. 13) 
The corresponding canonical transformation reads 

TTO = ^0, ^0 = V , 7T 2 = 7T 2 , ^2 = ^2> <?0 = %, <?0 = Qo: 



(IV. 14) 
(IV.15) 



COS -r=— ± — T] . 



± 



k 



Now, we define the new gauge-invariant degrees of freedom 



exp ( ±i J = \ — vp±exp (—2irj) , 



7T 



which fulfill the canonical brackets 

{$ ± (x),$ ± (y)} = ±i<S(x-y). 
In terms of these new variables, the Hamiltonian density becomes 
H = -v n 1 + iq >y* - iq*>y - f n - g ir 2 - g^n*, 



(IV.16) 



(IV. 17) 



(IV. 18) 



(IV.19) 



where we have dropped the " " for simplicity. Furthermore, the constraint 
7 takes the form 



f2iri 
7 = exp I — r) 



d z - \d- z X (2?)) $ + - [d- z - l -d; 1 (5)) 



= 0, 

(IV.20) 

where the operator d^ 1 (f (z, z)) = id z J Hn \ z — £| / (j;, d£ A d£ acts on 

£? = 7r 1 + |(j ( l>_| 2 — I'I'+I 2 ). From this expression we see that 7 still contains 
explicitly the gauge variables (77, 717) through the exponential factor and the 
expression of B given above. However, we cannot extract them from 7 in 
order to get a completely ?7(l)-gauge invariant constraint without the in- 
troduction of second class constraints. Moreover, the equations of motion 
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for $±, deriving from the Hamiltonian ( [1V.19| ), still involve go, which has 
an arbitrary dynamics. This happens because <E>± are U (l)-gauge invariant 
only. 

Moreover, the classical dynamics is restricted on a manifold of solutions 
defined by the constraints 



7r 1 = 0, 7 = , (IV.21) 



which become 



B= f (|$_|- |$+|) (IV.22) 
d,-W{B))* + -(d- z + \d-\B)) $_ = . (IV.23) 



2 

These equations enable us to look for time independent solutions, since 
no evolution operator is included. On the other hand, from the general 



theory of the completely constrained systems |5l] , we know that all dynamical 
informations are encoded into general canonical transformations, which can 
be considered as gauge transformations and time reparametrizations. In such 
a way we can generate time- dependent solutions from the static ones. 

A special subcase of Eqs. ( |IV.23|) , corresponding to the self-dual CS 
model, is obtained when $_ vanishes (or, in alternative, $+). In fact, by 
setting $ + = p2 e %x it easy to see that the previous equations reduce to the 
Liouville equation 

V 2 In p = -^p, (IV.24) 

K 

whose general solution is given in terms of an arbitrary holomorphic function 
d(J ( by the relation 

P = TZ 7 ^2 (IV.25) 



The phase x is an arbitrary harmonic function. In particular, choosing ( = 
J2n=i where c n and arbitrary complex numbers, and assuming 

that the phase \ is a regular and singlevalued function, we obtain the so- 
called self-dual CS solitons |T4] . Finally, let us observe that since the Liouville 
equation is conformally invariant, all reductions we have performed on the 
original CS model preserve this special infinite dimensional symmetry group. 
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A more general situation occurs when (see p8| ) 



(d z - (2?)) $+ = [d- z + \d- 1 (£)) <&_ = , (IV.26) 

where both the fields Q± are different from zero. Let us notice that the system 
of these equations with Eq. ( |IV.22|) corresponds to the so-called Hitchin 
equation introduced as a reduction of the self-dual Yang-Mills equations in 



4 dimensions 52 



The relations (|IV.26| ) suggest to introduce a holomorphic function U ( 
dzU = 0) defined by 

U{z,z) = $+(z,z)$-(z,z). (IV.27) 
This quantity is the analogous of the holomorphic component of the energy- 



momentum stress tensor in the Conformal Field Theories [53|. Now, let us 
suppose that U is a given entire function. Then, we can solve for instance 
(|1V.27| ) with respect to $_ and write down the equations 

n2 167T . 

V cr = — e ' sinn a 

k 

V 2 r? = V 2 x = , (IV.28) 

where we have introduced a = In (j$+| 2 / \U\^j, rj = Re InU and % = 
arg($ + ). Equations ( |1V.28| ) are conformally invariant and are strictly re- 
lated to the integrable conformal invariant affine Toda field theory (see ||54|| ) . 
Actually, this model contains three fields. Two of them correspond to a and 
t] in Eq. (|IV.28| ). The third one is completely determined in terms of the 
former. Now, some comments are in order. Precisely, in the limit rj — > 0, 
Eq. (|IV.28| ) becomes the so-called sinh-Gordon equation. Conversely, in the 
limit 7] — >• oo we recover the Liouville equation. All these models are com- 
pletely integrable systems and their solutions can be studied by resorting to 
the Inverse Spectral Transform (1ST) method. In particular, for k > the 
sinh-Gordon equation admits solutions with pointlike singularities, whose be- 
havior at large distances is given by a — » A Kq (r) , where Kq is the modified 
Bessel function of the second kind of order [Q. However, such a solution 
cannot be given in closed form and is related to the Painleve transcendents. 
Multicharged solutions have been also dicussed |55| . 
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For k < one can obtain analytic solutions satisfying the constant bound- 
ary conditions on a finite rectangular boundary. Thus, by using the 1ST 
method for finite gap solutions, one can find multiperiodic solutions in terms 
of the Riemann 9 function ||57|| . On the other hand, concerning the sinh- 
Gordon equation, many possible interpretations exist, which are different 
from the affine conformal Toda model mentioned above. For instance, it can 
be regarded as a perturbation of the free massless conformal model, or as a 
perturbation of the conformal Liouville model |)3] . It was studied in connec- 



tion with a two-component Coulomb gas |58j or an anyon-anti-anyon system 



23. In a different context it was used in the study of a system of vortices 



in a bounded magnetized plasma [59] and of the counter-rotating vortices in 



an inviscid and incompressible fluid |)U] . 

Now, we can figure out that among all possible evolutions associated with 
the model ( lV.jj| ) we can select some of them which seem to be particularly 
interesting from the point of view of their physical interpretation. Indeed, 
instead of using the Weyl condition which in our case reads vo = and 
go = 0, we can choose the multiplier q to be precisely that prescribed by Eq. 
( |III.7| ). This means: i) that the action will contain only the fields ip± and 
v^, ii) in order to recover the topological symmetry the constraint 7 must be 
added to the equations of motion obtained by the new action. The system 
arising in this way is the SU (2) jU (1) Heisenberg model in the tangent space 
representation, that is the abelian reduction of model ( |III.8|) . It contains the 
difference of two Pauli actions for non-relativistic charged scalar matter fields 

and coupled to an abelian CS field 

At this point, first we notice that the mapping between Heisenberg model 
and CS model, provided by Eqs. (|rTT26j - |TL27|) and (|rTL3l - pL^ ) , enables us to 
express in a natural way the magnetic field in terms of the charge density (see 
Section II). Moreover, the magnetic energy of the Heisenberg system is inter- 
preted directly in terms of the "number of particles" of the CS gauged model. 
In fact, after some simple algebraic manipulations, the equations of motion 
deriving from expression (|III.8| ) reduce to a pair of NLSE for ip± coupled 
through the abelian CS gauge field and constrained by Eq. ( |111.9| ) (see pg|). 
This situation is quite similar to that of Ref. |13 , |14| , |15| . In the static case, 



i.e. in the "quasi- Weyl" condition q = 0, these equations reduce to the self- 
dual configurations discussed above. In this context, classical self-dual CS 
solitons and multiperiodic solutions can be interpreted in terms of magnetic 
bubbles (vortices) in the spin planar model |T7|]. These configurations have 
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spin angular momentum proportional to Q el |42[ . The vortices possess topo- 
logical properties, which are invariant under general gauge transformations 
like ( [11. 3[ ). Then, we can speculate that vortex solutions i) can be found in 
the other spin models obtained by a different gauge choice, ii) they describe 
a special sector in the moduli space of the original TFT (|II.1|) . 

Moreover, we found the Hamiltonian structure of the Heisenberg model 
in the tangent space representation, by resorting to the symplectic method 
of Hamiltonian reduction [|4j] addressed to the gauge-invariant approach [fi"5 



which leads, in this case, to a separation of the gauge variables from the 
gauge-invariant Hamiltonian P3| , 12]. In terms of the ?7(l)-gauge invariant 



degrees of freedom $±, the Hamiltonian density is given by 



n 



1 



0: + \d- X (B) 



4 



i 



- (B) 



- fo^o - V TTl, 

(IV.29) 

where we do not need to introduce the conjugated momenta to qo, q$ and 
the related primary constraints. Since the last two terms in (|IV.29|) have 
vanishing Poisson brackets with $>±, they can be set strongly equal to zero, 
when we study the time evolution of the gauge-invariant degrees of freedom 
given by $ ± = {$ ± , H}. 

By this procedure we have selected a particular time evolution, among 
all reparametrization transforms admitted by the pure SU (2) model ( [IV. 3| ). 
But we could repeat the same argument using a different choice of q , for 
instance the expression ( 1H.16|) for the Ishimori model. The integrability of 
this model will provide a complete description of the corresponding phase 
space. Thus we expect that this could improve the study of the original 
TFT. 



V Quantization of the SU (2) /U (1) model 



The quantum theory of the model ( [IV. 3| ) can be carried out by means of the 



correspondence <3>± — > $± and $-t — > $± and replacing the canonical brackets 
by the equal-time commutators in the boson case (or the anticommutators 
in the fermionic case) 



[$ ± (x),$Uy)] = T<Hx-y). (V.l) 
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The presence of a different signature in Eq. ( |V.1| ) leads generally to an un- 
bounded quantum energy spectrum, whose treatment requires some special 
care. However, we know that the classical value of the energy is zero because 
of the completely constrained character of the classical Hamiltonian. So we 
expect that all the physical quantum states have to be eigenstates corre- 
sponding to the energy eigenvalue 0. Furthermore, the first class constraints 
Tj become the operators Fj, which must annihilate the physical states. In 
particular, the operator I\ associated with the GCS law has to annihilate the 
physical states. This implies that such states are independent from v o and are 
invariant under time-independent gauge transformations. Therefore, all the 
operators Tj must commute among themselves. Finally, we have to associate 
with the constraint 7 a corresponding operator 7, which also annihilates the 
physical states. 

For the specific case of the Heisenberg model, in the subspace of the 
physical states, we can write down a quantum Hamiltonian involving only 
the operators $± and their hermitians: 

h = a J - iflsr 1 (£)) V - £-(5 - \ 9 : x (^)) 2<l -} A**** 

(V.2) 

where B = | — and the normal ordering of the operators is 

used. The quantized free-torsion constraint 7 takes the form 



7 



d z ~ \d- z X (S)) $ + - (d- z - \d- 1 (J3)) <f>_ . (V.3) 



Therefore, since B (x) , 77 (y) = — ^5(x — y) holds, one has the relation 

exp (i f,(y))B (x) exp {-if, (y)) = B (x) - ^ 5 2 (x - y) . (V.4) 

This result is exploited to prove that are the U (l)-gauge invariant oper- 
ators, which create a charge-solenoid composite, having magnetic flux equal 

tO =)=7r/A;. 

Now, we define the quantum vacuum state by the relation $±|0 >= 0. 
Thus we can introduce two different particles number operators 

N± = ( &J>± d 2 x . (V.5) 
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These operators commute between themselves and with the Hamiltonian 
operator (|V.2| ). Thus, we can formally construct the common eigenstates 
of the energy and of the occupation numbers for both types of particles by 



N+ N- 

\N+, AL > = / n d 2 xf n d 2 xjV Uf, . . . , x+ xr, . . • , 

< I 3=1 ' ' ' 



N+ N- 

I 

3- 

& + (x+) . . . $\ (x+ + ) $1 (xr) . . . $1 ( XjV J |0 > . (V.6) 

The function \1/ is an arbitrary element of the Hilbert space L 2 [TZ 2 ^ N++N ^] 
obeying the Schrodinger equation for (iV + + AL)-bodies. 

Now, to be physical, the state ( |V.6| ) has to be also annihilated by 7. For 
states with finite number of particle we can find exactly solvable equations 
for \I/ only when one type of particles is present. For instance, the \N + ,0) 
state is described by the bosonic wave function 

* (x+ • ■ ■ , x+ + ) = T (*+, ••■,<) II - x j + P 1 , (V.7) 

i<j 

where JF is an arbitrary holomorphic function of its arguments. By using a 
singular gauge transformation H7|, the expression ( |V.7| ) takes the form 
of the Laughlin multivalued anyonic wave function 



*(x+ 



,XN + j=^(^ + ,---,^ + )n(^-^) k ■ (v.8) 

i<j 



1 



This wave function acquires the anyonic phase exp (^-^j after the exchange 
of two particles. 

Then, if we consider the model (|V.2| ) as a quantum version of the mag- 
netic bubble system, we see that it behaves as a quantum anyon system. 
Furthermore, the wave function ( |V.8| ) can be employed to describe a conden- 
sate state of bosonic solitons and may be related to the quantum disordered 
state of the original ferromagnet |49j. Actually, the previous wave function 



is not normalizable on the plane. Its normalization can be obtained by in- 
troducing an external magnetic field in our topological model. Normalizable 
eigenstates can be obtained also on a compact surface S without introducing 
an external field \WL\. However, in such a case the anyon gauge does not seem 
very fruitful. 



24 



VI Conclusions 



We have studied the classical non-abelian CS model, where the gauge fields 
satisfy certain geometrical requirements. In particular, if the gauge fields 
belong to a ^-graded Lie algebra, we are led in a natural way to a decompo- 
sition of the action, in which a set of matter fields interacts via a (generally 
non-abelian) CS field. The models, described by the action with this prop- 
erty, are compared with the systems arising from the so-called tangent space 
representation of the generalized Heisenberg models in 2+1 dimensions. From 
this analysis we see that some special planar spin models can be obtained 
by a generally non-abelian CS theory via a convenient gauge-fixing condi- 
tion. For example, both the well-known SU (2) Heisenberg model and the 
Ishimori model, which is completely integrable, can be associated with the 
TFT in special gauges. The symplectic structure of these models has been 
investigated mainly within the gauge-invariant procedure. Thus, we can pro- 
vide also the quantum theory of the models. In particular, the many-body 
wave function is multivalued, since in the anyonic gauge it gets the phase 
exp (^H by exchanging two particles. The corresponding anyons have spin 

s = ^ ( m od Z). 

Now, our approach to TFT needs further developments and several in- 
teresting applications are in order. 

First of all, the possibility to handle nonlinear completely integrable sys- 
tems in the context of the quantum TFT is not completely exploited. A 
suitable BRST approach has to be applied in order to restore the general 
covariance. However, our concern is that of finding new results, or also old 
results in a more easy way, just working with integrable structures. 

Since the models discussed in this paper come from a quite abstract frame- 
work, it is interesting to see whether some of them play any special role in the 
domains of planar physics, where non-local interactions of the CS type be- 
come important. At present, we notice only that in our models the coupling 
constants of the theory are fixed by the geometry of the original non-abelian 
pure CS model and by the constant k, which is an integer from the quantum 
theory. Thus, our models are special cases of many other CS-gauge field theo- 
ries (see [fTl)l - |15|), in which the above mentioned coupling constants can take 
arbitrary real values and, for this reason, can be considered as pertubations 
or deformations of ours. 

Other possible physical applications of these ideas concern the description 
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of the multi-layer Hall systems, treated as planar pseudospin ferromagnets 



32] and the study of the quantum Hall fluids in terms of boundary excitations 



and of CS topological field theories . 

Furthermore, since the CS TFT is exactly solvable in the SU (2) case for 
any three-manifolds [@], we speculate that our procedure should lead to a field 
theoretical description of an anyonic system on an arbitrary Riemann surface 
S (sphere, torus and higher genus surfaces). In these cases the operator dj 



must be modified, in order to include a residual topological interaction |j4 
However, when these systems are obtained by the described procedure, their 
solvability is assured by the above mentioned general property. 

It is also physically interesting to consider the extension of our procedure 
to noncompact groups. In fact, for the ISO(2, 1) group the corresponding 
model is equivalent to the TFT studied by Witten in connection with the 
(2+l)-dimensional quantum gravity p5f . 

Furthermore, our procedure can be used for classifying classical topolog- 
ical field models by the point of view of their integrability property. This 
corresponds to classify the supplementary constraints, by requiring that the 
system of equations (|II.18|) - (|H.23|) and ( |II.24|) allows a Lax pair, in analogy 



with the procedure and the results contained in [36 . It is remarkable that in 
our scheme, either integrable and non-integrable gauge-fixing conditions are 
found. The question of the existence of a relationship between these two type 
of structures in the unifying framework supplied by the original non-abelian 
CS model is still open. A hint for solving this problem may be found in the 
gauge transformations generated by A^, which mixes the components of the 
chiral current by the relations 

6JW= [JW,A«] 

5J^= [J(°),A«] + dA« . (VI.l) 

We notice that the transformations ( |V1.1[ ) imply a non trivial mixing among 
old matter and gauge fields. 

Finally, we point out that in a similar fashion one can build up more 
general models, by considering non-symmetric spaces. For instance, models 
involving N abelian CS fields can be constructed in a reductive homogeneous 
space Q /7i , where 7i = U (1) [2B, |2~?|. Another possible generalization 



can be obtained just considering an higher dimensional SU (n) group. In this 
case we can solve the GCS laws related to the maximal abelian subgroup of 
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local U (1) gauge symmetries. These theory should be solved in terms of the 
Toda models, at least for the self-dual reduction [ |16|| . 

Aknowledgements 

The authors are grateful to L. Bonora, V. Ja. Fainberg, J. Frohlich, S. 
Randjbar-Daemi, I. Todorov, I. V. Tyutin and G. Vitiello for very helpful 
discussions. 

This work was supported in part by MURST of Italy and by INFN - 
Sezione di Lecce. One of the authors (O. K. P.) thanks the Department 
of Physics of Lecce University for the warm hospitality. He thanks also 
TUBITAK of Turkey and M. Idemen for supports and hospitality at the 
Marmara Research Center. 



27 



References 

[1] E. Witten, Comm. Math. Phys. 117, 353 (1988). 
[2] E. Witten, Comm. Math. Phys. 121, 351 (1989). 
[3] E. Witten, Comm. Math. Phys. 118, 411 (1988). 
[4] EWitten, Phys. Lett. B 206, 601 (1988). 

[5] V. F. R. Jones, Bull. Amer. Math. Soc. 12 , 103 (1985); Ann. Math. 
126, 335 (1987). 

[6] C. Hagen, Ann. Phys. 157, 342 (1984); Phys. Rev. D 31, 2135 (1985). 
[7] J. Leinaas and J. Myrheim, Nuovo Cim. 37 B, 1 (1977). 
[8] F. Wilczek, Phys. Rev. Lett. 49, 957 (1982). 

[9] R. Prange and S. Girvin (eds.), The Quantum Hall Effect (Springer, 
Berlin, 1990). 

[10] R. B. Laughlin, Phys. Rev. Lett. 60, 2677 (1988). 

[11] D. Bak, R. Jackiw and S.-Y. Pi, preprint CPT#2276 , |hep-th9402057 
(1994). 

[12] R. Jackiw, Ann. Phys. 201, 83 (1990). 

[13] R. Jackiw and S.-Y. Pi, Phys. Rev. D 42, 3500 (1990). 

[14] R. Jackiw and S.-Y. Pi, Phys. Rev. Lett. 64, 2669 (1990). 

[15] R. Jackiw and S.-Y. Pi, Phys. Rev. Lett. 66, 2682 (1990). 

[16] R. Jackiw and S.-Y. Pi, Progr. Theor. Phys. Suppl. No. 107, 1 (1992). 

[17] L. Martina, O.K. Pashaev and G. Soliani, Mod. Phys. Lett. A 8, 34 
(1993). 

[18] V.E. Zakharov and L. A. Takhtajan, Teor. Math. Phys. 38, 26 (1979). 
[19] A. Kundu, Ann. Phys. 139, 36 (1982). 

28 



[20] V. G. Makhankov, R. Myrsakulov and O. K. Pashaev, Lett. Math. 
Phys. 16, 83 (1988). 

[21] V. D. Lipovskii and A. V. Shirokov, Funk. Anal. Priloz. 23, 65 (1989). 

[22] B. G. Konopelchenko and B. T. Matkarimov, Phys. Lett. A 135, 183 
(1989). 

[23] R. A. Leo, L. Martina and G. Soliani, J. Math. Phys. 33, 1515 (1992). 

[24] V. G. Mikhalev in Problems of Quantum Field Theory and Statistical 
Physics, Zap. Nauch. Semin. LOMI 180, 74 (1990). 

[25] V. G. Makhankov and O.K. Pashaev, Integrable Pseudospin Models in 
Condensed Matter, Sov. Sci. Rev. Math. Phys. 9, 1 (1992). 

[26] B. Dubrovin, A. Fomenko, S. Novikov, Modern Differential Geometry 
(Springer - Verlag, Berlin, 1984). 

[27] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, 
(Academic, New York, 1978). 

[28] L. Martina, O.K. Pashaev and G. Soliani, Phys. Rev. B 48, 15787 
(1993). 

[29] G.V. Dunne, R. Jackiw and C. A. Trugenberger, Ann. Phys. 194, 197 
(1989). 

[30] S. Randjbar-Daemi, A. Salam, J. Strathdee, Phys. Rev. B 48 , 3190 
(1993). 

[31] A. D'Adda, P. Di Vecchia and M. Luscher, Nucl. Phys. B 146, 63 (1978). 

[32] B. Konopelchenko, Introduction to Multidimensional Integrable Equa- 
tions (Plenum Press, New York (1992)). 

[33] Y. Ishimori, Progr. Theor. Phys. 72, 33 (1984). 

[34] S. Manakov and V.E. Zakharov, Lett. Math. Phys. 5, 247 (1981). 

[35] A. V. Mikhailov, Physica D 3, 73 (1981). 



29 



[36] R.S. Ward, J. Math. Phys. 29, 386 (1988). 

[37] L. Martina, O.K. Pashaev and G. Soliani, J. Phys. A: Math. Gen. 27, 
943 (1994). 

[38] O. K. Pashaev, preprint IC/95/53, |hep-th 95051781 (ICTP Trieste, April 
1995). 

[39] N. D. Mermin, T.-L. Ho, Phys. Rev. Lett. 36, 594 (1976). 

[40] L. Martina, O.K. Pashaev and G. Soliani,Teor. Math. Phys. 99, 462 
(1994). 

[41] P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, 
New York, 1964). 



[42] L. Martina, O.K. Pashaev, G. Soliani, preprint DF-1/10/94 , |hep-th 



9411120, to appear in Conference Proceedings on Nonlinear Physics held 



in Pavullo (Italy) (1994). 

[43] L. Martina, O.K. Pashaev and G. Soliani, Teor. Math. Phys. 99, 450 
(1994). 

[44] L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60, 1692 (1988). 

[45] D. Boyanovsky, E.T. Newman and C. Rovelli, Phys. Rev. D 45, 1210 
(1992), D. Boyanovsky, Int. J. Mod. Phys. A 7, 5917 (1992). 

[46] F. Wilczek, Phys. Rev. Lett. 48, 1144 (1982). 

[47] S. Girvin et al, Phys. Rev. Lett. 65, 1489 (1992). 

[48] R.B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983). 

[49] A. Zee, Physics in (2+l)-dimensions, Y.M. Cho ed. (World Scientific, 
Singapore, 1992). 

[50] J. Liouville, J. Math. Pure Appl. 18 , 71 (1853). 

[51] J. Goldberg, E.T. Newman and C. Rovelli J. Math. Phys. 32, 2739 
(1991). 



30 



[52] N. J. Hitchin, Proc. London. Math. Soc. 55, 59 (1987). 

[53] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B 
241, 333 (1984). 

[54] O. Babelon and L. Bonora, Phys. Lett. B 244, 220 (1990). 

[55] M. Jaworski and D. Kaup, Inverse Problems 6, 543 (1990). 

[56] M. Jaworski and D. Kaup, in Nonlinear Evolution Equations and Dy- 
namical Systems , M. Boiti et al. Eds. ( World Scientific , Singapore 

(1992) ), p. 118. 

[57] A. C. Ting, H. H. Chen and Y. C. Lee, Physica D 26, 37 (1987). 

[58] N. Martinov and D. Ouroushev, J. Phys. A 19, 2707 (1986); N. Martinov 
and N. Vitanov, J. Phys. A 25, L 51 (1992). 

[59] D.L. Book et al., Phys. Rev. Lett. 34, 4,(1975). 

[60] R. Mallier, S.A. Maslova, Phys. Fluids A 5, 1074 (1993). 

[61] R. Iengo and K. Lechner, Phys. Rep. 213, 179 (1992). 

[62] M. Greiter, X.G. Wen and F. Wilczek, Nucl. Phys. B374, 567 (1992), 
"Paired Hall states in double layer electron system", IASSNS-HEP-92/1. 

[63] J. Frohlich, Lecture given at the International Conference on Low Di- 
mensional Field Theory, Schladmig (Austria) March 1995. 

[64] S. Randjbar-Daemi, A. Salam and J. Strathdee, Phys. Lett. B 240 ,121 

(1993) . 

[65] E. Witten,Nucl. Phys. 311, 46 (1988) ; Nucl. Phys. B 323, 113 (1989). 
[66] C. Athorne and A. Fordy, J. Math. Phys. 28, 2018 (1987). 



31 



